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1. INTRODUCTION 
Let R be a compact Riemann surface, and let R be the complement in a 
of a finite number of points q, ,..., q,,,. We shall give an estimate of the set of 
points at which two algebraically independent meromorphic functions on R 
have algebraic Taylor coefficients with respect to a local coordinate. In the 
proof of the Schneider-Lang theorem for functions on the complex plane, 
the Jensen-Schwarz lemma plays an important role. It is known that this 
lemma extends for meromorphic functions on Riemann surfaces, and we 
shall use the generalized Jensen formula in our case. In the classical case, 
the Jensen-Schwarz lemma is applied to a sequence of increasing disks. In 
our case we shall construct a sequence of increasing subregions of R such 
that their Green’s functions are easily calculated, and apply to it the 
generalized Jensen formula. As for the arithmetic part to the proof, we shall 
follow the same line as the standard proof (see, e.g., [S, 61). 
In the case where R is the Riemann sphere, the Schneider-Lang theorem 
was obtained by Bertrand [2] by using a method analogous to the 
Hadamard three-circle theorem. 
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2. STATEMENT OF RESULT 
We use the following conventions. For a functionfwhich is holomorphic 
in a neighborhood of a point q E R, except at q, we say that it is of order p 
at q if for a local coordinate [ with center q (that is, q c1< = 0), we have 
lim sup log log maxlcl = r If(i)1 = p 
r-0 -1ogr 
Clearly the order is independent of the choice of local coordinate. We say 
that a meromorphic function on R = R- {q, ,..., q,,,) is of order at most 
P I ,..., pm at q1 ,..., qm, respectively if it is the quotient of two holomorphic 
functions on R of order at most p, ,..., pm at q, ,..., qm, respectively. For the 
strict order in the sense of [S, p. 191 also, we make the analogous 
definitions. 
If c( is an algebraic number, we denote by /El the maximum of the 
absolute values of its conjugates. 
Our result is the following. Let f, and f2 be two meromorphic functions 
on R=& {q,,..., qm}. Let K be an algebraic number field. We denote by d 
the degree of K over Q, and by I, the ring of algebraic integers in K. 
Let S be the set of points p on R such that f, and fi are holomorphic at 
p, and such that there exist a local coordinate z at p and a positive integer 
6, satisfying the following conditions: 
(i) Si+‘(dkL./dz7”)(p)EZ, 
for k>O and i= 1,2; 
(ii) lim suplwl(~k~!dzkMl ~, 
k-n klogk 
(1) 
for i= 1, 2. 
THEOREM 1. If f, and f2 are meromorphic functions on R, algebraically 
independent over Q, and at q1 ,..., q,, f, is of order at most p, ,..., pm andf, is 
of order at most yp,,..., ypm respectively, then 
cardS,<(l+Y)(p,+ ... +p,)d. 
3. JENSEN'S FORMULA 
We recall some notions in the function theory of Riemann surfaces, and 
the generalized Jensen formula (see [4, p. 7.51). 
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Let W be an arbitrary open Riemann surface. Let Q be a regular sub- 
region of W. By definition it is a relatively compact subregion such that its 
boundary ~32 consists of a finite number of analytic Jordan curves. Further 
let q be a point of 52. 
DEFINITION 1. The Green’s function gn( p, q) of 52 with singularity at q 
is the harmonic function on C2 - {q} satisfying the following conditions. 
(i) For a local coordinate z (HP) with center q (t+z =O), g, is 
written as 
g,(p, 4) = -1oglzl + u(z), 
with a harmonic function u at q. This condition will be abbreviated as 
“g,(p, q) has singularity -1oglzj at 4.” 
(ii) g,(p, q)=O for pfziiS2. 
The constant u(O), denoted by K,, is called the Robin constant of s2 with 
respect to q. Note that K, depends on q and also on the choice of the local 
coordinate z. 
The uniqueness of the Green’s function is evident. It has the following 
fundamental properties: 
6) g,(p3 4)>0 for pEQ; 
(ii) symmetry: gdp, 4) = gdq, PI 
(3) 
A differential o on W can be written as w  = a(.~, y) d.x + b(x, y) dy by a 
local coordinate z = x + iy. Then its conjugate differential *o is defined as 
*o = -b d.u + ady. If o = d log Iz/, then *o = d arg z. 
A multiple-valued function f on W is called a multiplicative function if 
every local branch off is meromorphic and If 1 is single-valued on W. 
LEMMA 1 (Jensen’s formula). Let f be a multiplicative function on 
D = iX2 v Q. Suppose a branch off near q has the Laurent expansion 
and let (a, > and {b, > be the zeros and poles off in a - {q >, where a,, and b,, 
are counted as many times as indicated by their orders. Then 
logI = -& W(PN *&,(p, q)--nK, 
- 1 g&q, a,) + 1 g&q, b,). 
0” hu 
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4. CONSTRUCTION OF AN EXHAUSTION 
For our Riemann surface R = R - { q1 ,..., qm), we shall construct an 
increasing sequence (0,) of regular subregions of R which will play the 
similar role as an increasing sequence of disks in C. And then we shall write 
down Jensen’s formula for Sz,. To this aim, let us recall the existence 
theorem for harmonic functions with given singularities. A special case of 
the existence theorem is sufficient for us, though it is proved in very general 
forms [l, p. 1541. 
THEOREM 2 (Existence theorem). Let p and q be any two points on a 
compact Riemann surface W, and let z and [ be local coordinates with center 
p and q, respectively. Then there exists a harmonic function on W with sole 
singularities log IzI at p, and -log [[I at q. 
Now let q be any point of R = i? - {ql ,..., qm}, and let z and ii ,..., c, be 
local coordinates with center q and q,,..., qm, respectively. Further let 
* A, ,..., &,, be positive numbers with 1, + ... + 1, = 1. Then by Theorem 2, 
there exists a harmonic function u(p) on R- (q, q, ,..., qm} which is written 
as 
u(z) = -log IZI + u(z) at 4, (4) 
and 
u(ij) = A, log lijl + uj(ij) at qj for j= l,..., m, 
with local harmonic functions u and uj. 
Using the function u, let us set for small r > 0, 
Q,= {PER ( u(p)>logr}. 
Note that Q, depends on q as well as q ,,..., qm, A, ,..., A,,,. 
It is clear that 52, is a relatively compact subregion of R, since u = -cc 
at qi. More precisely its boundary is described as follows. Let u,? be a con- 
jugate harmonic function of uj near qj, and let us consider the change of 
coordinates [; = [, exp( (u,( [,) + iu,F( cj))/lj). Then u is written as 
u = A, log I[,![. Hence near qj the region 52, has the form I[;[ > r-‘/s, and the 
boundary of Q2, consists of m circles with radius r”4 respectively. It is clear 
that Q2, is a regular subregion of R. Note that the choice of the local coor- 
dinates [j is independent of r. So rewriting {j as cj, we may assume that u is 
written as 
uCij) = S log lljl at qi for j= l,..., m, 
and that 852, consists of m circles I[,[ = r”4, 
(5) 
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LEMMA 2. The Green’s function of 52, with singularity at q is given by 
Proof The right-hand side is 0 on X?,, and v has singularity -logJz/ 
at q. So the lemma is clear. 
LEMMA 3. (i) With u defined by (4), we have 
K a, = u(O) - log r. 
(ii) For a E Q, we have 
g&q, a) = v(a) -log r. 
(iii) Let ii be local coordinates at qj, j= i,..., m, such that aQ, is 
written as the union of the circles lcil = r l/‘,~. Let tIi = arg ii. Then near qI 
*&a,(p, 4) = A., de,. 
Proof (i) Since g,,(p,q)=u(p)-logr= -loglzl+u(z)-logr, the 
assertion is clear by definition of the Robin constant. 
(ii) By symmetry, we have gQr(q, a) = g,,(a, q) = u(a) - log r. 
(iii) Near q,, u = 2, log Ii,] by ( 5). So we have *du = Aid arg [, = 
ij de;, which implies the assertion. 
Now we apply Jensen’s formula (Lemma 1) to 52,. Then by Lemma 3 we 
obtain 
LEMMA 4. Let q be a point of R = R - { q1 ,..., q,,,}, and let z, [, ,..., i,,,, 
%, ,..., A,,,, v, u(O), R,, (0 < r 4 1) be as above. Assume aQ2, is written as the 
union of circles [(,I = rlli.j, and set t3, = arg r,. Let f be any meromorphic 
function on a,. Suppose f has the Laurent expansion at q 
f(Z)=CI,Zn+a,,+IZn+‘+ ... (a, #Oh 
and let {cl” } and (b, } be the zeros and poles off in fir - {q >, where a, and 
6, are counted as many times as indicated by their orders. Then 
-nu(O)+nlogr 
-F tuta,) -log r) + C (v(b,) -log r). 
hl 
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Iff is holomorphic on Q2,, then 
- nu(0) + n log r - C’ (v(a,) -log r), 
U” 
(6) 
the sum 1’ being extended over any subset of (a,). 
Proof: For (6) it is sufficient to note that there is no 6, and that every 
term g,,(q, a,,) = u(a,,) - log r is nonnegative by (3). As for the signature of 
the integral, note that dQ, consists of circles going round qj in the negative 
sense. 
5. PROOF OF THE THEOREM 
The proof will be carried out by the same way as the standard proof of 
the Schneider-Lang theorem except the use of Jensen’s formula. So, for the 
details of the arithmetic part of the proof, see [S] and [6]. At first we note 
that as usual it is sufficient to prove the theorem for the strict order instead 
of the (classical) order, and moreover we may assume that p,,..., pm and y 
are positive. 
Let p, ,..., p, be s distinct points of the set S. We shall prove that 
s<(l +y)(p,+ ..* +p,)d. (7) 
Let p be a point of S. Then by the definition of the set S, there is a local 
coordinate z at p satisfying the conditions (1) and (2). By derivatives at p, 
we shall always mean the derivatives with respect to this coordinate z, so 
without confusion we may write (dkfj/dzk)(p) as f ik)(p), etc. If p = pi, we 
shall write zi for z, and di for 6,. 
The following auxiliary lemmas (5, 6, and 7) are special cases of Lem- 
mas 5, 6, and 7 of [6], and are obtained by Leibniz’s formula and the con- 
ditions (1) and (2). If necessary for the proof, use the relations 
k log(k + 1) - k d log k! 6 (k + 1) log(k + 1) -k for nonnegative integers k. 
For the proof of Lemma 6 repeate the same argument as Lemma 5. See 
also Lemma 3.3.2 of [S]. 
LEMMA 5. Let p E S. Then for any E > 0, there exists a constant c > 1 
such that for any I>, 1, k>O, and i= 1,2, we have 
I(ff)‘k’(p)I < c’(k + 1)” +‘)“(k + 1)‘. 
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LEMMA 6. Let p E S. Then for any E > 0, there exists a constant c > 1 
such that for any I,, 1, > 0 and k > 0, we have 
I(f:'f:')'"'(p)I ac”+‘*(k+ l)(‘+EJk(k+ l)r1+r2. 
LEMMA 7. Let p E S. Then for any I,, I, 2 0 and k > 0, 
s::+‘z+“(f:‘.fl)‘k’(P)EzK. 
Now we divide the proof of the theorem into steps. 
Step 1. As usual, we first construct an auxiliary function having many 
zeros at p, ,..., ps. Let E be a sufficiently small positive number. By c,, c2, c’, 
c”, we denote positive constants which depend only on the quantities so far 
introduced. We denote by L a sufftciently large integer, and we define 
integers L, and L, by 
L, = [Ly’(‘+:‘)(log L)‘/‘], Lz = [L”(’ +?‘(log L)“2], (8) 
[ ] denoting the integral part. 
LEMMA 8. For L % 1, there exists a nonzero polynomial in Z[X, Y], 
P(X, Y) = 2 z a(l,, 12) X’1Y’2 
/,=0/2=0 
such that 
max{ (a(l,, 12)1 } < eCIL, 
and such that the function 
satisfies 
dkF(pi) = o 
dz; 
(9) 
(10) 
for i = l,..., s and k = 0, l,..., L - 1. 
Proof: We use Siegel’s lemma (see for example Lemma 1.3.1 of [S]) as 
usual. The only difference from the classical proof is that the equations (10) 
are written with the local coordinates zi. But by (l), the derivatives 
(dkf,/d$)(pi) are algebraic numbers in K. So no new difficulty arises here. 
We have sL linear homogeneous equations in (L, + l)( L, + 1) unknowns 
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a(/, , I,). These equations have coeffkients in K, and by Lemmas 6 and 7 it 
is easily seen that they have a common denominator smaller than c’~ and 
conjugates with absolute values smaller than Lc"L. Hence we obtain the 
assertion by Siegel’s lemma. 
Step 2. The algebraic independence off, and fi implies that F is not 
identically constant. Hence for each i (1 < i Q s), there exists a minimal 
integer N, such that 
Moreover, by (lo), N, > L. 
LEMMA 9. For L 9 1 and i= I ,..., s, we have 
log)t,I > -((d- l)(l +~E)+E) Nilog Nj. 
Proof: Since Ni3 L, we obtain by (9) and Lemma 6, 
log /cl < (1 + 2s) Ni log Ni. 
On the other hand, by Lemma 7, ri has a denominator at most ~5:“~. Then 
the assertion follows from the fact that the product of all conjugates of an 
algebraic integer is a rational integer, and is at least 1 in absolute value. 
Step 3. We set 
A,=Pj/(PI + "' +Pm) for j= l,..., m. 
Now for each pi, 1 < i 6 s, we apply Jensen’s formula (6) with q replaced by 
pi. For each i, we shall write ui and ui in place of the functions v and u 
which were defined in Section 4 (see (4)) for a given point q E R. The sub- 
region 9, depended also on q and consequently the local coordinates cj 
with center qj satisfying (5) depended on q. But for simplicity we shall use 
the same letters [, and 19, = arg [, for every pi. 
LEMMA 10. For each i, 1 < i d s, and L 9 1, we have 
log)5,/dN;logN;-{(l+y)(p,+ ... +P,,,)}-l(Nl+ ... +N,)logNi 
- ,=Fti Vi(Pv) Nv + C2NdlOg Ni)“2. 
ProoJ By the assumption for the orders off, and f2, there exists a 
function h, (resp. h2) such that h, and h,fi (resp. h, and h2fZ) are 
holomorphic on R and of strict order at most p, ,..., pm (resp. at most 
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wl ,..., YP,) at q1 ,..., qm. In addition, for i fixed, we may assume h,( p,) and 
h,(pi) are not 0, since there is a meromorphic function 4, on R with pole 
exactly of order 1 at pi and with other poles only at q1 ,..., q,, and if 
mi = ord,h I > 0 for example, then we may replace h, by h 1 @I. Here the 
existence of the function 4j is clear if i? is the Riemann sphere, and 
otherwise it follows from the Noether gap theorem [3, p. 791. Indeed, the 
Noether gap theorem asserts that, for a sequence of points P,, Pz,..., on a 
compact Riemann surface W with positive genus g, there are precisely g 
integers nk satisfying 
1 =n, <n,< ... <n,<2g 
such that for j there does not exist a meromorphic function f on W with 
(f)>/ (P, ... Pi)- ’ and (f) a (PI ... P,- I)-‘, 
if and only if j is one of the integers n, ,..., n,, where (f) = nPt W Pordp’: 
Therefore, in order to obtain d,, it is sufficient to set P, = q, for 
k = l,..., 2g - 1 and P,, = pi with g = genus of i?, and apply the theorem to 
j=2g. 
Then the function @ = hflh?F is holomorphic on R and we have 
@‘Nf’( pJ = (ihfl( pi) hp( PI) Z 0. 
We let 
Then by (8), (9) and the condition on the strict orders of h,, h, etc. we 
have near qi and for L $1, 
Then by applying Jensen’s formula (6) with q, u, u replaced by pi, v,, u,, to 
@ which has zeros at py of order at least N,,, we obtain 
hltih;‘(p,) Wpi)INr!I 
< f Aic’Ni(log N,)“’ - Niui(0) + Ni log r 
,=I 
- i (ui(Pv) - log r) N, 
L’=l.#i 
= c’N,(log Ni)l” - ~~(0) Ni- 1 ai( p,) N, 
P= I,#, 
-(N,+ ..’ +N,)((l+y)(p,+ ... +&}-‘log&, 
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which implies the lemma. Note that even though U, depends also on the 
local coordinate zi, and h,, hz and Q, depend on i, there are only s points 
to be considered, and so the existence of c’ and c2 is clear. 
Step 4. By Lemmas 9 and 10, we obtain 
N, + ... +N, 
(1 SYNPI + .” +PmJ 
<(d+2d&-&)N,- i u;(~“)N,(10gN;)-’ 
v=l,#i 
+ c2 Ni( log N;) ~ I’?. (11) 
Finally we obtain (7) by summing (11) term to term from i = 1 to s and 
then letting L tend to infinity. This concludes the proof of Theorem 1. 
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